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FRACTIONAL PARTITIONS AND CONJECTURES OF
CHERN-FU-TANG AND HEIM-NEUHAUSER

KATHRIN BRINGMANN, BEN KANE, LARRY ROLEN, AND ZACK TRIPP

ABSTRACT. Many papers have studied inequalities for partition functions. Recently, a
number of papers have considered mixtures between additive and multiplicative behavior in
such inequalities. In particular, Chern—Fu-Tang and Heim—Neuhauser gave conjectures on
inequalities for coefficients of powers of the generating partition function. These conjectures
were posed in the context of colored partitions and the Nekrasov—Okounkov formula. Here,
we study the precise size of differences of products of two such coefficients. This allows
us to prove the Chern—Fu-Tang conjecture and to show the Heim-Neuhauser conjecture in
a certain range. The explicit error terms provided will also be useful in the future study
of partition inequalities. These are laid out in a user-friendly way for the researcher in
combinatorics interested in such analytic questions.

1. INTRODUCTION AND STATEMENT OF RESULTS

The estimation of partition functions has a long history. Hardy and Ramanujan [14]
initiated this subject by proving the asymptotic formula

1 VE
n) ~ e"V'3 n — 0o
p(n) ~ - in ( )
for the integer partition function p(n). The proof relies on the modularity properties of the
Dedekind-eta function, n(r) = 21 I[1,5,(1 — ¢") with g := €*™7. The partition function is
connected to the n-function by the generating function formula:

> pln)g" = qu)-
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Hardy and Ramanujan’s proof birthed the Circle Method, which is now an important tool
in analytic number theory (see, e.g. [37]); Hardy and Ramanujan also proposed a divergent
series for p(n), which Rademacher [33] improved to give an exact formula for p(n). We now
know that this was an early example of a Poincaré series, and this has been generalized in
many directions [5].

The analytic properties of related functions have frequently been studied. For instance,
many people investigated the a-th power 1(7)* of the Dedekind n-function. For o« = 24, one
has the famous modular discriminant A(7). Ramanujan’s original conjecture on the growth
of the coefficients of A(7) has been hugely influential in the general theory of L-functions and
automorphic forms [35]. It also remained unsolved until it was shown as a consequence of
Deligne’s proof of the Weil conjectures [9]. More generally, positive powers have been studied

in seminal works of Dyson [11] and Macdonald [28], and encode important Lie-theoretic data
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thanks to the Macdonald identities [28]. For negative integral powers, one obtains colored
partition generating functions. Specifically, for k € N,

1 §
=:q 21 ) pi(n)q”
n(r)* %;

is the generating function for the number of ways to write the number n as a sum of positive
integers using k colors. We consider the coefficients of n(7)~“ for arbitrary positive real «,
although the coefficients no longer have the same combinatorial meaning in counting colored
partitions. However, the insertion of a continuous parameter « still gives important infor-
mation. The most important instance of this is thanks to the famous Nekrasov—-Okounkov

formula [29]
S T (1 _ %) = g3 y(r)" (1.1)

AEP heH(N)

Here, P is the set of all integer partitions, |A| denotes the number being partitioned by
A, and H(A) is the multiset of hook lengths of X\. This formula arose from their study of
supersymmetric gauge theory and a corresponding statistical-mechanical partition function,
and is related to random partitions.

In several recent papers, Heim, Neuhauser, and others [20, 16, 17] have studied the analytic
properties of the Nekrasov—Okounkov formulas. For a fixed n, the n-th Fourier coefficient of
(1.1) is a polynomial in «, which Heim and Neuhauser conjectured to be unimodal. Partial
progress towards this result was recently given by Hong and Zhang [22]. On the other hand,
considering all of the coefficients of (1.1) for a fixed o led Heim and Neuhauser to make their
conjecture below. In order to explain the context of their conjecture further, we now discuss
a related chain of partition inequalities which has recently received attention. Independent
work by Nicolas [30] and DeSalvo and Pak [10] proved that the partition function p(n) is
eventually log-concave, specifically, that

p(n)* —p(n—1)p(n+1) >0

for all n > 25. This result was vastly generalized to a conjecture for certain higher degree
polynomials, arising from so-called Jensen polynomials by Chen, Jia, and Wang [6]. That
generalized version was later proven by Griffin, Ono, Zagier, and the third author [13].

Expanding in another direction, Bessenrodt and Ono [4] showed that the partition function
satisfies mixed additive and multiplicative properties. Specifically, they showed that for all
integers a,b > 2 with a + b > 8, one has

p(a)p(b) > p(a + b).

Extensions of this result, both rigorous and conjectural, have since been proposed by a
number of authors. Alanazi, Gagola, and Munagi [1] gave a combinatorial proof of this
result, while Heim and Neuhauser studied the inequality given by replacing the argument
a+bby a+b+m—1 [18]. Similar inequalities that mix additive and multiplicative properties
for different types of partition statistics have been studied as well [3, 8, 23].

The first conjecture which we study was made by Chern, Fu, and Tang, who proposed the
following analogous conjecture for colored partitions.
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Conjecture 1 (Chern, Fu, and Tang, Conjecture 5.3 of [7]). Forn,{ € N, k € Ny, ifn > ¢
and (k,n,l) # (2,6,4), we have

pre(n — Dpe(€ 4+ 1) > pr(n)pe(£).

Remark. As noted in a paper by Sagan [34], Conjecture 1 is equivalent for k& > 3 to the
log-concavity of pg(n).

Heim and Neuhauser conjectured a continuous extension.

Conjecture 2 (Heim and Neuhauser, [15]). Under the same assumptions, Conjecture 1 still
holds if k is replaced by o € R>s.

Remark. As stated, the conjecture is not quite true; by writing the polynomials p,(4), pa(5),
and p,(6) and considering the inequality pa(5)* — pa(4)pa(6) > 0, we see that additional
exceptions are needed above. Namely, if we define oy ~ 2.055 to be the largest real root of
the irreducible polynomial 27 + 4225 + 68425 4+ 40382% + 1311923 + 1204822 — 1002042 — 59328,
then the exemption of (a,n,?) # (2,6,4) in the conjecture should be changed to («,n,?) ¢
{(a,6,4) : 2 < < oy}

We study these conjectures with the aim of writing down explicit results which may be
of use for the future of related inequalities. To do this, we consider the sign of the general
difference of products:

Pon (111)Pas (n2) — Pay (113)Pay (Na),
for any ny,ng,n3,ng € N and ay, an, az, ay € RT. This study leads to our first main result.

Theorem 1.1. Fiz oy, as, a3, a4 € RY, and consider the inequality

Paoy (nl)poQ (n2> > Pas (n3)pa4 (n4>
Without loss of generality, we assume ny > ny and nz > ng. If ng = o(ny), the inequality
is true for ny sufficiently large. Conversely, if ny = o(ng), the inequality is false for ng
sufficiently large.

Theorem 1.1 can be made explicit. This is applied below to prove the conjectures of
Chern—Fu—Tang and Heim—Neuhauser. Here and throughout the paper, we use the notation
f(x) = O<(g(z)) to mean |f(z)| < g(x) for a positive function g and for all = in the domain
in which the functions are defined.

Theorem 1.2. Fiz o € Ry, and let n,¢ € Noy withn > ¢+ 1. Set N :=n—1— % and

24
L:=(— %, we suppose L > max{2a't, 22}, Then we have

Pa(n = 1)pa(f + 1) = pa(n)pa(f)

g+1 a_ 5 a_5 [e]
=7 (%) 2NV E (VI (\/N — \FL> <1 + O G—i)) :
Because the last expression in parentheses in Theorem 1.2 is always positive, Conjecture
2 is true for ¢ sufficiently large. Note that Conjecture 2 is trivially true if n = ¢ + 1, which
is why the theorem is sufficient.

Corollary 1.3. Conjecture 2 is true for £ > max{2a™ + &, 290 + &}
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Additionally, for some o € N we are able to numerically verify that the inequality still
holds for small values of ¢ and n, giving the following corollary.

Corollary 1.4. Conjecture 1 is true. In particular, pa(n) is log-concave for n > 6, and
pr(n) is log-concave for all n and k € Nsj.

Remark. Although Theorem 1.2 turns Conjecture 1 into a finite computer check, the number
of cases that must be checked to give Corollary 1.4 is very large. Thus, direct brute force
computer checks are not sufficient. Faster methods of verifying such inequalities are described
in the proofs below. These may be useful in future partition investigations.

The remainder of the paper is organized as follows. We review basic ingredients needed
for the proofs of our theorems in Section 2. These proofs are then carried out in Section 3.
In Section 4, we provide lemmas and discussion needed for our computations in order to
prove our corollary. We then conclude in Section 5 with some ideas for further work.
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2. PRELIMINARIES

Here, we review the key ingredients for the proof of our results.

2.1. Exact formulas for partitions. In a recently submitted paper, Iskander, Jain, and
Talvola [25] gave an exact formula for the fractional partition function in terms of Klooster-
man sums and Bessel functions. The a-Kloosterman sum is given by

o mias(h,k +27% (mh—n)h
Ago(n,m) = E e (hk)+5 .

0<h<k
ged(h,k)=1

where h denotes the inverse of h modulo k and s(h, k) is the usual Dedekind sum. The only
properties we need of this sum are that A ,(n,m) = 1 and |Ax(n,m)| < k. We have the
following result from [25].
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Theorem 2.1. For all o € R and n > &, we have

247

T (G e 3)

This provides an exact formula for the numbers we wish to estimate. The difficulty lies in
providing precise estimates for the error terms after truncating the series to a finite number
of terms in the sum on k. The analysis required for these estimates is continued in the next
subsection.

2.2. Explicit bounds for Bessel functions. In order to make the exact formula in Theo-
rem 2.1 useful for our purposes, we need strong estimates on the Bessel functions. Although
many Bessel function estimates are standard and a whole asymptotic expansion is known
[31, equation 10.40.1], we were unable to find existing bounds suitable for our purposes.
Thus, we describe some basic estimates here and sketch our proofs for them. In particular,
we prove the following.

Lemma 2.2. Let k € R with k > —%.
(1) For x > 1, we have

2
1. <4/ —e"
(I) - mse
orx > == and a > 3, we have
2) F. < anda >3, we h
52
F < = a—1_—x
(a,x) < T
(3) For 0 < x <1, we have
21—nxn
1. < — .
@)= 7D

(4) For k> 2 and x > 155(k + 3)°, we have

462 =1 (42— 12 —9) | (46° — 1) (4% —9) (45° — 25) - 31x8

L(z)e*V2mz — 1 .
(@)e " Varz =1+ — 12842 307243 = 621

Remark. We note that similar estimates needed for Lemma 2.2 (1) also appear in Section
4.1 of [24]. For the reader’s convenience, we provide a proof here.

Proof of Lemma 2.2. (1) We use the following integral representation (see page 172 of [38]):

_ (%)R ! 42 ’{_% xt
Iﬁ(x)_W 3 (1—¢*)" 2 e™dt. (2.1)
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In (2.1), naively bound the integral from —1 to 0 against the integral from 0 to 1 giving an
extra factor of 2. Making the change of variables u = 1 — t, the remaining integral equals

1
1
ex/ (2 — u)“—%u“—%e_“du < 253ty FmaT (ff + 5) : (2.2)
0

Plugging into (2.1) gives the claim.
(2) We begin with an upper bound coming from [32, Theorem 1.1], namely
(x4 by)* — x°

r
(a’ x) < aba

e’ (2.3)

for a > 2, where b, := I'(a + 1)5. We wish to bound the right-hand side of (2.3) by an
explicit constant times ¢ te~*. To do so, we first apply Taylor’s Theorem to the function
y — (x4 y)* This yields

(7 +by)* = 2% + aby(z + &)
for some & € [0,b,]. Thus,

(x + by)* — z°

b = (2 4+ 6" < (2 +by)" .

From (2.3), we may then write
b a—1
[(a,r) < (z+by)" te ™™ = <1 + —a) e,
T

To complete our proof, we only need to bound the quantity (1 + %")“_1 by a constant. By

assumption, r > f‘—;), while using [31, equation 5.6.1] and basic calculus, one may find that

by < ?—g for a > g Combining these bounds, we find that

ba\“ 108\ 52
14+ — <(14+— —
<+x) _<+a5) <17’
where the last inequality follows by standard optimization techniques for a >
(3) This follows directly from equation (6.25) of [27].

(4) We consider first the integral from 0 to 1 which is on the left-hand side of (2.2). Now
write, using Taylor’s Theorem,

1 1 1 3
(2 — U)“_% =251 — (/{ — 5) 275y 5 (KJ — 5) (K — 5) 27342

1 1 3 5 n—% 3 4
6 (KJ 5) (KJ 5) (/{ 5) 28720 4+ Cy(u)u®, (2.4)
where for some ¢ € [0, 1],

R I [ SHICS et

Ot

[N}
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We can bound this by

s )

We first consider the contribution from the first 4 terms in (2.4). These are
1 o o 1 1 1 1 3
or—3 o 1-= = - = < 2
()0l ) (g
1 1 3 5 3 KL _mdu
F (H 2) (H 2) (H 2) u ) uttEem (2.5)

Evaluating the first integral yields the main term.
The second integral in (2.5) contributes

1 _1 1 1

2R (F (’H 5’:”) e ("H gx) 82 (H_ 5) (R_ g) g (’H gx)
_ m—l H—§ Ii—? r I<L+ZSL’
4823 2 2 2 2’ '

Using part (2), one can show that this term overall contributes at most

5

52 (K% 4 k%2 | 7lk 4 103
ﬁ<£+§+@+m) o
x
r (/{ + %) V2
We next estimate the term with C,(u) in (2.4). Bounding the integral from 0 to 1 against

the integral from 0 to oo, this term can be bounded against
x 21\ (2 9\ |2 _ 25] .2 _ 49
e (w2 —3) (W =) [ - B[|s* - T
2rw 1224

27572 max {2“_%, 1} .

Finally, the contribution from the integral from —1 to 0 can be bounded by (estimating
the integrand trivially)
r (FL

+ |

Overall we obtain

1—4r?  (4r? —1)(4r*—9) (1 —4k?) (9 — 4K?) (25 — 4K?)
I(2)e *\2mr — 1 — _ _
(v)e™"v2mz 8z 12822 38427

3 tre 1 1 9 25 49 \ 5 1
- Ll DY (2 2)]e ol imax i) o
_<4F(I€—|—%) 1 (“ 4) (“ 4) " B G i

T 4 T
By elementary bounds [31, equation 5.6.1], we find

4
3/~€3x“+%6_x<3/€3 K+ Ll L3 L5 LT
— S —\— |kt 2 K+ = K+ = K+ = .
AU (k+3) — 4\ 2r 2 2 2 2

Combining the above now easily gives the claim. 0
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3. PROOFS OF THE THEOREMS

Proof of Theorem 1.1. We use the exact formula from Theorem 2.1 and note that the dom-

inant term comes from m = 0 and k£ = 1. The claim then follows from I, (z) ~ \/52% as
T — Q.

Proof of Theorem 1.2. Note that the claim is trivially true when N = L, so we assume that
N > L throughout. We again use the exact formula from Theorem 2.1 and note that the
dominant term comes from m = 0 and k£ = 1 in each expansion. We see that this main term

in pa(n —1)pa(l + 1) = pa(n)pa(l) is

N e IS e

24

! <a>2+1 Ty (my B +1) Iy (ny/ 1) (3.1)
T , )
24 (N +1)%+2 Lits

L :=/{0— 2. To rewrite the Bessel functions as sums of powers of N

2aN 2a-2a11>1 oz+96
™3 =™ T3 T 120\2 T2)

where the last inequality may be checked using calculus. Hence, we are able to apply
Lemma 2.2 (4) with k = § + 1 to obtain

2aN 3iem™V 5 Cal  Ca2  Casz  Dai1(N)
Io = 14+ S 2y 2 T ) 3.2
2+1<7T\/ 3) e (R ) e
where

3 3 9 6
o2 (e a2 30(
Ca,l = OS (g) y Ca72 = OS <ES) y Ca73 = OS (ﬁ) y Da,l(N> = OS <§) . (33)

Thus we have

2a(N+1

I (W %) Iy (my/25E)
(N +1)itz Li+3

\/_67'( 2—“(\/ +\f)

It

2\/2a7T2(N +1)itiL

where N .=n—-1—2
and L, we note that

24

a,l Ca,2 Ca,3 Da,l(N_'_ 1)
43 1+ 1 + 3 2
1 (N—|—1)2 N+1 (N—|—1)2 (N+1)

Ca,2 DQI(L)
: . (34
% ( L L Lz -t L? (34)

As alluded to above, we wish to expand the main term into sums of powers of N’s and L’s,
so we change the (N +1)’s above into N’s. First, note that by using Taylor’s Theorem, there
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exist D'y, D} 5, and D4z such that

D, A D
(N+1)*=Dy,N*=N" < ;‘72) =N (1 -~ ]\j‘j) . (3.5)

Explicitly bounding in the interval [0, 1], Taylor’s Theorem further tells us that for A > 0,

A(A+1)

‘D;TQ‘ <1, |DZ,2| <A, [Dagl < 5

Using this, one can prove the bounds

4502 2
Daysa 128 ’D%%’?) = 128

11
| (3.6)

7 T
8

a+2§ |pa| < <

In addition to rewriting the powers of N + 1 in (3.4) as powers of N, we also want to replace

the vN + 1 in e™V 5 (N +D) by a function of v/ N instead. This is needed in order to compare
the two summands of our main term. To do so, we show that for some D, 3(N) € R,

VIO _ IR gy Tod | e rted - 9nad | Dust)

B — = -+ + : 3.7
eV EN VBNz 12N 36\6N N 37

To prove the second equality and determine a bound for D, 3(N), we write G(z) := €@
with g(z) := Y122 — 1 and ¢ := 74/2. The middle term of (3.7) is equal to G(\/Lﬁ), SO

T T 3

the equality is proved just by taking the first four terms of the Taylor expansion of G(x)
about z =0 and plugging in x = \/L— To bound D, 3(NV), note that by Taylor’s Theorem it

is equal to T for some ¢ € [0, \/N]’ so we need to bound G®(£) on this interval. Using

some basic calculus, one finds that for x € [0, 1]

1 3 , 3 8
@I <5 9@ < 0@ <2 )| < S
Moreover, ¢'(z) > 0 on [0, 1], so we have that
< VN+1-VN< —
0 <9 (75) - i
Combining these estimates on g(z) and its derivatives, one sees that
‘G(A‘)(g)‘ 31a? o
D.3(N)| < < TV GN |
Das(N)] < 1Tl < B ry
Assuming that N > 2a!!, we obtain in this region
31a? 2
Do s(N)| < S eavias < 207 (3.8)

— 48 3
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We now want to write

a3 _'_

e’ ZTQ(NJ’_l) 1 Ca,l Ca,2 Ca,3 Da,l(N_'_ 1)
a3 + 1 3 2
(N+1)1F3a (N +1)2 N—+1 (N +1)2 (N +1)

™ EN Agi  Aaz Az Ba(N
_ € — 1+ ail «,2 af_'_ a(2) : (39>
Nati N2 N N2 N

where we need A, 1, A, 2, and A, 3 explicitly and a bound on B, (N). To find the A, ;’s, we
use (3.5) to rewrite the powers of N + 1 on the left-hand side in terms of powers of N and
employ (3.7) to rewrite the exponential term. In doing so and comparing powers of N on
each side, one concludes that

1 1
T2 T2 ™o o 3
Aa = Cq - Aa — Cq o — T, 3.10
1 C’1+\/6 2=Capt Ttart T =77 (3.10)

1 2 3 3 1 1
A . +7TOé2C +<7Toz o 5) +7Toz2—97roz2 T2 <a+3)
03 = Cqo —c, — — — —— e, — —+—-].
RV ! 361/6 V6 \4 4

Below, we need bounds on each of these quantities. By the triangle inequality and the
bounds in (3.3), one can find that

1703 303 9a*
Apt| € ——, A2 < —, A, —. 11
We next bound the error term B, (N). We can solve for % in (3.9) as

CAUKALY P SR N SN P
W+ (VD N+L (Vs (N2

11— _ _
Nz N N3
— 7 22 (N+1) 1 4 Ca,1a o Ca,2a _ Ca73a 4 DaJ(N;i—ll?
(N+1)ats  (N+1Dits  (N+1)sta  (N+1)its  (N41)1t7

ZTO‘N 1 Aa,l Aa,2 Aa,3

a3
x Nitie™™ - =,
N3z N N3
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Similar to finding the A, above, we use (3.7) and (3.5) to expand this as

% 77-2@ 7T30é2 — 977'06% Da 3(N>
\m\rg 36v/6N 2 N
x 1_%+%+D%+g’2+ca,l_ca1(%+%) CrDgga ) con
N Nt TN N3 N N
+ % 4 Ca3 CaBD%"'%Q + Dml(N i 1)D%*+%72 —1- Aot — A - Aas
N? : N3 N? NEOON N

From here, we can simply expand out this product. Because all terms with power greater
than N2 are already subtracted, we can factor this out of everything remaining and bound
the absolute value of what is left using (3.6), (3.3), (3.8), and the fact that N > 2a' to
obtain a bound on B, (), namely

Tab
B,(N)| < —. 12
Bu(N)] < ok (312)

Now, using (3.2) and (3.9), (3.1) becomes

(g) 241 96”\/?(\/@”/3) (3.13)

24 a NSHILStHE

Ca,2 Ca,3 Eal(N) 11011 11042 11013 Ba(L)
) ) ) 9 )
X(<+N§+—N+N2+7N2 14+ + + ==+

Ca,2 Ca3 Dal(L) Aal Aa2 Aa3 Ba(N)
14 Sl fo2 ) fod | o R A .
( L§ L L3 L2 Nz N = N3

We write the expression in the outer parentheses as

1 1

of (N} - 1Y) | NVELES(N D)V
VON3 L3 rod ( 3

for some function f(N, L), where the equality follows from (3.10). We wish to bound

F(N,L)N? L3
1 1 1

a2 (N?—L?)

the products. We do not write out every term but instead explain how to bound just a

couple of the terms. For example, the next largest term (asymptotically) that arises when

computing f(N, L) is
1 1
(Aa,Z - Ca,2) (Z - N) .

We can bound the first product above using (3.10) and (3.3) as

1 1
(Aa,l - Ca,l) (F -

1
2 2

)+ﬂMm=

. Note that f(NV, L) can be easily calculated from (3.13) by simply expanding

a 3 7wa Taz
|Aa,2 _Coz,2| S Z + -+ —-—+—F

1712 T 6

|Coz,1| S Oé2,
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where the inequality follows from basic calculus. Then when f(N, L) is multiplied by

1 1
%, this term can be bounded in absolute value using (3.11) and (3.3) by (using
a2 2—-L2
that N > L > 2a't)
Nz +Lz _ 20°Nz /2
[Aa2 = Capl—T——7 < T3 PV
a2Nz2L2 a2 Nz2[L3 «Q
All of the exact terms that arise in f(N, L) (i.e., those not involving the error terms D, 1(N),
D,1(L), B4(N), or B,(L)) can be bounded in this way. As for the remaining terms of

1.1
f(N, L), one can use that ZéVfLQ% is decreasing as a function of N to bound it above by

N:L? - (L+1)2L2 . 201L%

Nz —Lz ~ (L+1)z—Lz ~ 100’

where the second inequality holds for L > 2a!! > 2!2 by calculus. This allows us to bound
all of the other terms of f(N, L). For example, one of the remaining terms is

1
ﬁ.
1 1
Hence, when f(N, L) is multiplied by &E), this term can be bounded utilizing (3.15),
(3.12), and (3.3) by (using that L > 2«
201 7a%  3ab 201 4288
Bult) = a0l < (4 5 - 2
100a2 L2 27 25 /1001205 5625/2

All of the other terms are bounded in a similar manner (using the fact that N > L).
Combining these bounds and using that o > 2, we obtain

(3.15)

(Ba(L) = Da, (L))

6NzL3 13
VONIL: _py ) <7

(3.16)

1

Tak (N% — L§>

Combining (3.13), (3.14), and (3.16), the main term can be written as

« %"’1 1 1 €7T %ﬂ(\/ﬁ.ﬂ/f) 13
ad N% - L} T (1vo-(2)). 3.17
g (24) ( i 2) NHILEs ( U< (14)) (3:17)

We now need to bound the remaining terms in the expansion of p,(n—1)pa(£+1) —pa(n)pa ()
coming from Theorem 2.1. To estimate the contribution from k& > 2, we bound, for X € R*

Fu(X) =) I (%) .

k>2

Note that F,(X) is monotonically increasing because I, is. We estimate the first | X | — 1
terms using Lemma 2.2 (1)

S (%) < \% S Ve < 2@63‘. (3.18)

2<k<| X 2<k<|X])
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For the second bound, we are using that \/Ee% < \/§e§ To bound the remaining terms of
F.(X), we use Lemma 2.2 (3) to conclude that

X 21 KXF 21 KXF S| 21—I€X
> Iﬁ(?)_r 5 > k“_F 1/ —dr < S (3419)
k21X +1 (+1) S (k+1) Jix) @ (k= 1)(k +1)

Combining (3.18) and (3.19) and using basic calculus and the fact that x > 2, we determine

that
X
Fu(X) < 44/ =ev. (3.20)

Using this, we may bound the non-main terms as follows. We first bound the non-main
terms corresponding to p,(n — 1)pa(¢ + 1). For this, we consider terms with (i) ki, ke > 2,
(i) terms with k; > 2 and ko = 1, (iii) terms with k& = 1 and ky > 2, (iv) terms with
ki = ke =1 and my > 1, and finally (v) terms with ky = ko =1, m; = 0, and my > 1. As is
done above, we do not write out all of these sums but instead just illustrate how to bound
the terms corresponding to (ii). In what follows, we let 5 := | 5] to simplify notation, and
we get an upper bound of

42 o 43 [« $+3
0 — —m — —m a1 a\ T 321
NI 2 (7=m)" " (5p=m2) " Palmi)pa(ma) (3.21)

2
0<mi1,m2<p

X Fa iy (47r (% - m1> N) Isys (47r\/(20‘—4 - m2) (L + 1))

472 a5+l 2x 2c
< 1?2 (— o (B8)*Fa “N|Ia “(L+1
S NEg e Y (31)" Pol8) Py (” 3 ) At <” 3Lt >>’

>

where the inequality follows from the monotonicity of F' and I. Using (3.20) and Lemma
2.2 (1), we can further bound (3.21) by

e™ g]\/'+7r\/2,—a(L—‘,-1)
NE+i(L+1)5t

16335+ 177 (5 4)3“ palB)? (3.22)

»Mo«

Now, we claim that

2an

pa( ) <em
This follows from virtually the same proof as in the o = 1 case; see [2] for details. Using this
bound on pe(n), the fact that /L < /L + 1 < v/L+1, and factoring out the terms outside
of parentheses in (3.17), we see that (3.22) is at most
(&) (- 28) STV R 16v2(8 + N L
T — - : :
24 NitiLit: Nz — L

Now, we are left to bound

l\)l)—l

Tra_i_ﬂ_\/ﬁ \/%_

[NIES
[NIES

m\»—t

16v2(8 +
N

L2 /B SN

N
[N

1)’N
—L
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by a constant. To do so, we again use (3.15) to obtain an upper bound of

%4 208+ 1)2Ni LT+ VE-T/EN, (3.23)
It is easy to check that this is decreasing in N for N > 2a!'t > 22 so utilizing that N > L,
we get an upper bound on (3.23) of

% 28+ 1)2 L2 TV E-/EL
Similarly, this term is decreasing in L for L > 2a!! > 2!2, so we can plug in L = 2a'! to

obtain a bound of
3216

25
One can bound the exponent by —%0/5, and estimate f+ 1 < 1;%5‘. The resulting term is

20 wab

2(8 4 1)2a%e® TV E 5

11323 94 17,6

300 V2
Using that this expression is decreasing in a, we get an upper bound by plugging in o = 2
yielding a numerical answer of 51 - 107%°. One can similarly bound all of the other error
terms; the only significant departure occurs when bounding terms corresponding to (iv) and

(v), where a term (g — 1)~1 occurs. It is here that we need to use the bound L > T,
to ensure that our argument of L is large enough. The proof in this case is still similar in
nature and is omitted. The largest of the errors that arise from these cases is 10~%, which

when combined with the error of (3.17) gives the statement of the theorem. O

4. PROOFS OF THE COROLLARIES

As alluded to after the statement of Theorem 1.2, all of the terms in the expansion of
Da(n—1)pa(€+1) — pa(n)pa(€) are positive, so Corollary 1.3 follows. Thus, only the proof of
Corollary 1.4 remains. In order to prove this for a fixed value of k, we only need to compute
the ratios %(42)1) up to £ > [2k!! + %1 and see that they are decreasing, except for k = 2.

For k € {2,3}, we can do this directly, but for k € {4,5}, we need to find a way to make the
computation more efficient and store less memory; we provide the necessary details to do so
in the following subsection. At the end of the section, we describe how proving the result for
k € {2,3,4,5} is sufficient to prove Corollary 1.4. Namely, in Proposition 4.3, we show that
pr(n) is log-concave for k € {3,4,5} and point out that convolution of log-concave sequences
is log-concave, which shows that the same property also holds for k € N>j.

4.1. Tools needed for the proof of Corollary 1.4. To verify the initial cases of the
conjecture, of course a direct approach using Rademacher sums, recursive formulas, or by
convoluting the partition generating function can be used. However, due to the large number
of cases that have to be checked (for example, for p,s(n) we need to compute all values with
n < 2-4" 4+ 6 ), these direct methods are not sufficient. An approach with lower time
and memory requirements is thus essential in practice. As a result, we begin by defining
sequences that approximate our partition numbers well enough to prove the lemma and
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o0

which also require less memory and speed to compute. To do this, let d = (alj)j:1 be a

sequence of positive integers d; < j, and for n € N recursively define

dn

Pra(n) = - > o(O)pgaln—0) forn > 1,
/=1
s

plj,d(n) = Z U(@P}id(n —0) + knp;d (n—d,—1) for n > 1.

n
/=1

We also set the negative values to be zero:
pfgd(n) =0forn< -1
Lemma 4.1. For n € N, we have
P;d(n) <pr(n) < P;d(n)-
Proof. Using (3) of [19], we find that for n > 1, we have
o =3 >0 (1.1

We prove the claimed inequalities by induction. The base case, n = 0, is trivial as pg(0) = 1.
Assume inductively that for every 0 < m < n the claim holds. Note that both py(n) and o(n)
are non-negative for all n € N. Hence the inequality d,, < n and the inductive hypothesis
pr(n =€) > p; 4(n — ) imply that

n dn
peln) = 5 S o (0pn — 02 E S o 0pratn — 0 = o)
=1 =1

This gives the first inequality.
To obtain the upper bound, we note that pg(n) is increasing, and hence

k& R
pr(n) ==Y o(Ope(n—0+= > o(O)pu(n—1)
= " lan
k‘ dn n
<= o0)pr(n—0)+ —pr(n—d, —1) ZU(@
n
/=1 /=1
We next bound
o(l) = i=Yd Y 1< d%:#
/=1 {=1 dJ¢ d=1 1<5< L%J d=1
Therefore
s
pr(n) < = > o(O)pr(n— ) + =pi (n —dy — 1) n?
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Using the inductive hypothesis for the upper bounds, we have
dn,

k
pr(n) < - Z o(O)pgaln =€) + knpl 4 (n —d, — 1) = p 4(n). O
-1

Remark. In the special case d,, = n, one has p 4(n) = pr(n) = p; 4(n) by (4.1). In order to
compute pi a(n) for every 1 <n < N, the number of steps required is O(3_, ., <y dn). Thus

the number of steps to compute pi(n) directly (i.e., d, = n) is O(n?). If d, < n’, then the
number of steps to compute the lower and upper bounds pf’ 4(n) is < N9 Moreover, in

order to compute p,id(n) with a computer one only needs to keep d, = O(n°) numbers in
memory (this is O(n) in the special case d,, = n). Hence computing the sequences pf’ q(n) is
better than p(n) both in the speed of the calculation and in the memory requirement.

These numbers grow very quickly. Thus, if d is chosen appropriately so that n is small in
comparison with an exponential of the shape

eQch(\/ﬁ—\/m>’ (Ck > O)

then we expect a good approximation of px(n). Indeed, from Theorem 2.1, we have

e (B )
b 2531ni 167 33 '

Hence in this case we need to compare n against

QF(\/?_\/W)
e )

Using Taylor’s Theorem, we see that for d,, <n —1,

\/2(n—dn—1)_ 1o+l
3 V3 V6 Vn

Then for d,, ~ n3+°, this becomes
2n 1 d +1 1
Ve - =0 (n ).
3 V6 Vn
For 0 < ¢ < i,we have

I 2(n—dp—1
62”(\/ Ty %) —2—\/%‘1’\’/%1—1-0(1) 27 6

=e¢ Le Vo

N

S

)

Tel

Hence by choosing ¢ appropriately, we can get any fixed number of digits of accuracy that
are needed for a calculation.

Lemma 4.2. The sequence pi(n) is log-concave if and only if there exists a sequence d of
positive integers with d; < j such that for everyn € N

Pr.a(n) S Pra(n+1)
Pian—1) 7 ppan)
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Proof. By Lemma 4.1, for every such d and every m € Ny we have
Pra(m) < pr(m) < pjg(m).
We conclude that for every d and every m € N we have
pr(m) > pi,d(m)
pe(m—1) = pfg(m —1)°
pe(m)  _ _ Pia(m)
pr(m —1) 7 pjg(m —1)

Hence if such a choice of d exists for which the lemma holds, then (4.2) with m = n and
(4.3) with m = n + 1 imply that for every n € N

pr(n) N Pr.a(n) >pl;d(n+1)>pk(n+1)

(4.2)

(4.3)

pe(n=1)"plgn—1)7 pegn) — p(n)
and we see that py(n) is log-concave. The converse follows by taking d; = j since then
Pr.a(n) = pr(n) = pj 4(n) by using the definitions of p;_4(n), p 4(n) and using (4.1). O

Remark. Since the sequences pi 4(n) are generally faster to compute than pi(n) and have a
smaller memory requirement, in practice Lemma 4.2 gives us an easier and faster criterion
to check to numerically verify the log-concavity of pi(n) for 1 <n < N for some fixed N.

Proposition 4.3.
(1) For every o € RT, if po(n) satisfies the inequality
Pall+1) _  Pa(n)
pa(f) N poe(n - 1)
for every n > € > 0, then for every j; € Ny and j € Ny \ {1,2} the sequences pj o+;(n)

satisfy the same inequality.
(2) In particular, Conjecture 1 is true.

Proof. (1) As remarked in Section 1, the claimed inequality is equivalent to log-concavity,
ie.,
Pa(n) > Pa(n +1)
Pa(n—1) 7 pa(n)

for n > 1. By Corollary 1.3, it is true for n > 2a'! + o5 T 1if o € {3,4,5}. We explicitly
compute p3(n) for n < 2- 3" + 1 and verify the inequality for those cases. Thus ps(n) is
log-concave.

Using heuristics based on the asymptotic growth of the coefficients py(n), we let d = d,
be the sequence

j if 7 <2105,
0= dy, {250;‘% if2.10° < j < 3.5-106,

{1125]%J if §>3.5- 100,
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Using a computer (a Lenovo Thinkstation P330 with Intel core i7-9700 processor and 32GB
memory), a 5-day-long calculation verifies that

p;d(n) > pZd(n +1)
pZd(n —1) - 4,

p4,d(n)
holds for all n < 8.5-10%. Hence, by Lemma 4.2, we see that for n > 0,
pa(n) _ pa(n+1)
pa(n—1) = pa(n)

Similarly, estimating the asymptotic growth of the coefficients ps(n), we let d = ds be the
sequence

j if j <8-10°,

Nl

4= ds; = 3 |257%] 68107 < j <2107,

@%J if j>2-107.

Using the same computer as before, a 71-day-long calculation (producing over 100GB of
output) verifies that

Pral®) _ Plan+1)
Pia(n—1) 7 py4(n)
holds for all n < 108. Hence, by Lemma 4.2, we see that for n > 0,

ps(n) S ps(n+1)
ps(n=1) — ps(n)

By [26, Theorem 1.4] (which the authors attributed to Hoggar [21]), if two sequences satisfy
log-concavity, then their convolution also satisfies log-concavity. Note that the convolution
of pa, (n) and pa,(n) is precisely pa, +a,(n). Hence if p,, (n) and p,,(n) are both log-concave,
then S0 1S Pa,+a,(n). Since the above shows that p3(n), ps(n), and ps(n) are all log-concave,
we conclude that pj,a+3j,+4j5+55, (1) is log-concave for every ji, jo, js, ja € No. The integers
of the form j = 3js + 4j3 + 574 with j, J3, j4 € Ny are precisely j € Ny \ {1, 2}.

(2) We may take o = 3 in (1) and obtain that ps;,1+;(n) is log-concave for every j; € Ny and
j € No\ {1,2}. Each positive integer at least 3 may be written in the form 3j; + j with
Jj1 € Ng and j € Ng \ {1,2}. So the conjecture is true for every positive integer at least 3.
For k = 2, the inequality from the conjecture is true for n > 2'2 + 1 by Corollary 1.3, and a
quick computer check verifies the claim for n < 2'2 + 1. O

Remark. While the above proposition is stated for all @« € R, one can directly compute
pa(n) for n € {0,1,2} and see that the inequality for log-concavity holds for n = 1 if and
only if a > 3. Hence, we should only concern ourselves with @ > 3 for log-concavity.

5. CONCLUDING REMARKS

We finish our paper with a list of possible follow-up ideas based on our work.
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(1) Use explicit bounds and convolution of series to prove log-concavity of other infinite
families of sequences. The fact that the proof of Conjecture 1 can be reduced to a finite
check (instead of simply a finite check for each value of k) is surprising and may be able
to be used to prove similar results.

(2) Find other interesting inequalities satisfied by the k-colored partition functions. As men-
tioned in Section 1, there are a number of papers studying analogues of the Bessenrodt—
Ono inequality in various settings. There are likely a number of other inequalities to
consider for k-colored partitions.

(3) Prove Conjecture 2 for intervals of a. Using Proposition 4.3, Corollary 1.4 could be
extended to infinitely many other values of a (for example, by doing a computer check
if &« = 3.5). However, the methods in this paper only appear to allow us to prove the
conjecture for discrete sets of a via computer calculations.

(4) Give a combinatorial proof of Conjecture 1.

(5) Find explicit bounds for when the higher order Turdn inequalities hold for p,(n). Chen,
Jia, and Wang [6] conjectured that inequalities beyond log-concavity eventually hold for
the partition function, which was proven in [13]. This paper also tells us that these
inequalities eventually hold for p,(n). However, one could make these bounds explicit
similar to how we have done here, which may show when exactly the inequalities begin
to hold (see for example [12, 24]).
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